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PERMUTATION BINOMIALS OF INDEX qe−1 + · · ·+ q + 1 OVER Fqe
ARIANE M. MASUDA, IVELISSE RUBIO, AND JAVIER SANTIAGO
Abstract. A binomial of index qe−1 + · · ·+ q+ 1 over Fqe with e ≥ 2 is of the form x
r(xq−1 + a)
where a ∈ F∗qe . In this paper we present several existence and nonexistence results for permutation
binomials over Fqe of this type. As a consequence, we obtain a complete characterization of such
permutation binomials over Fq2 , Fq3 , Fq4 , Fp5 , and Fp6 where p is an odd prime. This extends
previous results obtained by Li et al. and Liu for e = 2 and e = 3 with odd q, respectively.
1. Introduction
We denote the finite field of order q by Fq. A polynomial in Fq[x] is a permutation polynomial
over Fq (or permutes Fq) if it induces a permutation of Fq. Permutation monomials have been
completely characterized: xr permutes Fq if and only if gcd(r, q − 1) = 1. In the absence of a
general and simple permutation criterion for binomials, permutation binomials have been the focus
of many studies over the past decades. The authors usually consider binomials of special forms and
particular field orders; see [1, 2], for instance.
Any nonconstant polynomial f(x) ∈ Fq[x] of degree at most q − 1 can be written uniquely as
f(x) = α
(
xrh
(
x(q−1)/ℓ
))
+ β, where the degree of h(x) is at most ℓ. The integer ℓ is called the
index of f(x). In [8] Wang presents a survey on permutation polynomials classified by their indices
along with a list of open problems. Problem 7 is “Construct and classify permutation polynomials
of Fqe with intermediate indices such as ℓ = q
e−1 + · · ·+ q+1.” There are not many results in this
direction [8]. In this work we consider Problem 7 for binomials. More specifically, we investigate
permutation binomials of index ℓ = qe−1 + · · ·+ q + 1 over Fqe with e ≥ 2, which are of the form
f(x) = xr
(
x(q
e−1)/(qe−1+···+q+1) + a
)
= xr
(
xq−1 + a
)
.
An immediate necessary condition is that (−a)ℓ 6= 1, since otherwise f(x) would have more than
one root. We state the results obtained by Li et al. [3] and Liu [4] for e = 2 and 3, respectively, as
follows.
Proposition 1.1. [3, Theorem 3.1], [4, Theorem 1] Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with a 6= 0,
index ℓ = qe−1 + · · ·+ q + 1, and 1 ≤ r ≤ ℓ.
(i) Then f(x) permutes Fq2 if and only if (−a)
ℓ 6= 1 and r = 1.
(ii) Suppose that q is odd. Then f(x) permutes Fq3 if and only if (−a)
ℓ 6= 1 and r = 1.
In both cases, the authors only consider r ∈ {1, . . . , ℓ} due to the following result.
Proposition 1.2. [3, Lemma 2.2] Let f(x) = xr(x(q
e−1)/ℓ + a) ∈ Fqe [x] with a 6= 0 and ℓ | q
e − 1.
If f(x) permutes Fqe and gcd(r + ℓ, (q
e − 1)/ℓ) = 1, then g(x) = xr+ℓ(x(q
e−1)/ℓ + a) also permutes
Fqe.
Returning to the case when the index ℓ is qe−1 + · · ·+ q+ 1, take q = e = 3. By Proposition 1.1
(ii), the only permutation binomials xr(x2+a) of index ℓ = 13 over F27 with 1 ≤ r ≤ 13 are x(x
2+a)
with (−a)13 6= 1. In this case, since gcd(r+ ℓ, (qe−1)/ℓ) = gcd(14, 2) = 2, Proposition 1.2 does not
yield another permutation binomial of index ℓ = 13 over F27. However, the binomial x
23(x2 + a)
permutes F27 when (−a)
13 6= 1 as it can be readily verified using SageMath. This example reveals
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that Proposition 1.1 (ii) together with Proposition 1.2 does not produce all permutation binomials
of index ℓ = 13 and degree less than 26 over F27.
We show several existence and nonexistence results on permutation binomials xr(xq−1 + a) over
Fqe with e ≥ 2, a 6= 0, index ℓ = q
e−1 + · · · + q + 1 and all possible values1 of r, namely, r ∈
{1, . . . , qe− q− 1}. As a consequence, we completely characterize such permutation binomials over
Fq2 ,Fq3 ,Fq4 , Fp5, and Fp6 where p is an odd prime. In particular, we extend Proposition 1.1. We
also generalize the existence results obtained in our extension for any e. Below we summarize these
results. We denote the (nonnegative) reduction of r modulo ℓ by r (mod ℓ).
Theorem 1.3. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2, a 6= 0, index ℓ = q
e−1 + · · · + q + 1,
and 1 ≤ r < qe − q.
(i) Let e ∈ {2, 3, 4}. Then f(x) permutes Fqe if and only if (−a)
ℓ 6= 1, r (mod ℓ) ∈ {1, ℓ − q},
and gcd(r, q − 1) = 1.
(ii) Let q = p be an odd prime. Then f(x) permutes Fp5 if and only if (−a)
ℓ 6= 1, r (mod ℓ) ∈
{1, ℓ− p, p3 + 1, p4 + p2 + 1}, and gcd(r, p − 1) = 1.
(iii) Let q = p be an odd prime. Then f(x) permutes Fp6 if and only if (−a)
ℓ 6= 1, r (mod ℓ) ∈
{1, ℓ− p}, and gcd(r, p − 1) = 1.
(iv) Suppose that (−a)ℓ 6= 1 and gcd(r, q − 1) = 1. If r (mod ℓ) ∈ {1, ℓ − q}, then f(x) permutes
Fqe. Furthermore, if e is odd and r (mod ℓ) ∈ {q
(e+1)/2 + 1, ℓ − q(e+1)/2 − q}, then f(x)
permutes Fqe.
By combining our nonexistence results, we obtain the following.
Theorem 1.4. Let q, e ≥ 3 where q is a power of a prime p, and let f(x) = xr(xq−1 + a) ∈ Fqe [x]
with a 6= 0, index ℓ = qe−1 + · · ·+ q + 1 and 1 ≤ r < qe − q. Suppose that f(x) permutes Fqe .
(i) If q is odd, then r (mod ℓ) = kpq+1 for some integer k such that kp 6= s(ℓ− qe−1− qe−2) for
1 ≤ s ≤ q − 1.
(ii) If q is even, then r (mod ℓ) = hq + 1 for some integer h such that h 6= s(ℓ− qe−1 − qe−2) for
1 ≤ s ≤ q − 1.
(iii) If e is even, then r (mod ℓ) = k(q + 1)q + 1 for some integer k.
We organize this paper as follows. In Section 2 we present some tools that we use throughout
the paper. This includes two permutation criteria and some technical results involving binomial
coefficients. In Section 3 we show the existence results for general e that we state in Theorem 1.3
(iv). The proof appears in two parts; see Proposition 3.3 and Proposition 3.4. In Section 4 we show
the nonexistence results for general e that we state in Theorem 1.4. This version is a combination
of Proposition 4.1, Proposition 4.2, Proposition 4.3, and Proposition 4.5. Finally, in Section 5 we
apply our results from Section 3 and Section 4 to show Theorem 1.3 (i)-(iii). More specifically, we
provide a complete characterization of permutation binomials over Fqe of index ℓ = q
e−1+ · · ·+q+1
for e ∈ {2, 3, 4} (see Proposition 5.1), and e ∈ {5, 6} when q is an odd prime (see Proposition 5.2
and Proposition 5.3).
2. Preliminaries
Our work relies on two permutation criteria. The following one was discovered independently by
Park and Lee [6], Wang [7], and Zieve [9].
Proposition 2.1. [6, Theorem 2.3][7, Theorem 1][9, Lemma 2.1] Let e ≥ 1, ℓ, r > 0 with ℓ | qe− 1,
and h(x) ∈ Fqe [x]. Then x
rh(x(q
e−1)/ℓ) permutes Fqe if and only if the following conditions hold:
(i) gcd(r, (qe − 1)/ℓ) = 1,
1It is known that there is no permutation polynomial of degree d over Fqe when d > 1 is a divisor of q
e
− 1.
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(ii) xrh(x)(q
e−1)/ℓ permutes µℓ, where µℓ is the set of ℓ
th roots of unity in the algebraic closure of
Fqe.
Most of our results rely on a variation of the Hermite’s criterion obtained by Masuda, Panario,
and Wang in [5]. Below we state the binomial version of this variation; for general polynomials,
see [5, Theorem 1].
Proposition 2.2. [5, Corollary 2] Let f(x) = xr(xs + a) ∈ Fqe [x] with a 6= 0, q
e ≥ 3, r, s > 0 and
r + s < qe − 1. Then f(x) permutes Fqe if and only if∑
A∈SN
(
N
A
)
aN−A =
{
0 if N = 1, . . . , qe − 2
1 if N = qe − 1,
(2.1)
where
SN =
{
A ∈ Z : A =
j(qe − 1)− rN
s
where j ∈ Z and 0 ≤ A ≤ N
}
.
For convenience, we may write SN,r, Aj or Aj,r to emphasize the parameters involved. For
permutation binomials f(x) = xr(xq−1 + a) ∈ Fqe [x] with index ℓ, we have
SN =
{
Aj ∈ Z : Aj = jℓ−
rN
q − 1
where j ∈ Z and 0 ≤ Aj ≤ N
}
. (2.2)
The next lemma provides the only two possible values for |SN | when rN/(q− 1) is an integer. The
proof gives the exact conditions for each value. Since we do not use these conditions, for simplicity,
we opt to state the result without them.
Lemma 2.3. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e ≥ 2, q
e ≥ 3, a 6= 0, index ℓ = qe−1+· · ·+q+1,
and 1 ≤ r < qe − q. If q − 1 | rN for some N ∈ {1, . . . , qe − 1}, then |SN | = ⌊N/ℓ⌋ or ⌊N/ℓ⌋ + 1.
Proof. By (2.2), we have
|SN | =
∣∣∣∣
{
j ∈ Z : 0 ≤ jℓ−
rN
q − 1
≤ N
}∣∣∣∣
=
∣∣∣∣
{
j ∈ Z :
⌈
rN
ℓ(q − 1)
⌉
≤ j ≤
⌊
rN
ℓ(q − 1)
+
N
ℓ
⌋}∣∣∣∣ .
The result follows from the fact that for u, v ≥ 0 we have
|[⌈u⌉, ⌊u + v⌋] ∩ Z| =


|[⌊u⌋, ⌊u⌋ + ⌊v⌋] ∩ Z| = ⌊v⌋ + 1 if u ∈ Z
|[⌊u⌋ + 1, ⌊u⌋+ ⌊v⌋] ∩ Z| = ⌊v⌋ if u 6∈ Z, u− ⌊u⌋+ v − ⌊v⌋ < 1
|[⌊u⌋ + 1, ⌊u⌋+ ⌊v⌋ + 1] ∩ Z| = ⌊v⌋ + 1 if u 6∈ Z, u− ⌊u⌋+ v − ⌊v⌋ ≥ 1.

Following the same idea underlying Proposition 1.2 with regard to reducing the possible values
of r, we show that in a special circumstance it suffices to consider r ∈ {1, . . . , ℓ} to show the
nonexistence of permutation binomials.
Lemma 2.4. Let e ≥ 2, a ∈ F∗qe, and ℓ = q
e−1 + · · · + q + 1. Let r and s be integers such
that 1 ≤ r, s < qe − q and r ≡ s (mod ℓ). Suppose that xs(xq−1 + a) does not permute Fqe. If∑
A∈SN,s
(N
A
)
aN−A 6= 0 for some N ∈ {1, . . . , qe − 2} with q − 1 | N , then xr(xq−1 + a) does not
permute Fqe.
Proof. Let Aj,r ∈ SN,r. Write r = s+ kℓ and set j
′ = j − kN/(q − 1). Then
Aj,r = jℓ− r
N
q − 1
=
(
j′ + k
N
q − 1
)
ℓ− (s+ kℓ)
N
q − 1
= j′ℓ− s
N
q − 1
= Aj′,s ∈ SN,s,
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so SN,r ⊆ SN,s. This also shows that SN,s ⊆ SN,r. Therefore SN,r = SN,s. By Proposition 2.2, we
conclude that xr(xq−1 + a) does not permute Fqe . 
The next two results concern identities with binomial coefficients. Our convention is that
(
n
k
)
= 0
if n < k.
Proposition 2.5 (Lucas’ Theorem). Let n ≥ k be positive integers and p be a prime. If n =
nmp
m +nm−1p
m−1 + · · ·+ n0 and k = kmp
m+ km−1p
m−1 + · · ·+ k0 are the p-adic expansions of n
and k, then (
n
k
)
≡
(
nm
km
)
· · ·
(
n0
k0
)
(mod p). (2.3)
We observe that (2.3) also holds if we use the q-adic expansions of n and k, where q is a power
of p.
Lemma 2.6. Let q = pm where p is prime, and let k be an integer such that 0 ≤ k ≤ q − 1. Then
(i)
(
q−1
k
)
6≡ 0 (mod p),
(ii)
(q−2
k
)
≡ 0 (mod p) if and only if k ≡ p− 1 (mod p).
Proof. Let k = km−1p
m−1 + · · ·+ k0 be the p-adic expansion of k.
(i) Write q−1 = (p−1)pm−1+· · ·+(p−1)p+(p−1). By Lucas’ Theorem,
(q−1
k
)
≡
( p−1
km−1
)
· · ·
(p−1
k0
)
6≡
0 (mod p), since 0 ≤ ki ≤ p− 1 < p.
(ii) Write q − 2 = (p − 1)pm−1 + · · · + (p − 1)p + (p − 2). By Lucas’ Theorem,
(q−2
k
)
≡(
p−1
km−1
)
· · ·
(
p−1
k1
)(
p−2
k0
)
(mod p). Since
(
p−1
ki
)
6≡ 0 (mod p) for each i, we have
(
q−2
k
)
≡ 0 (mod p)
if and only if
(
p−2
k0
)
≡ 0 (mod p), which holds if and only if k0 = p− 1.

3. Existence results
In this section we present necessary conditions for f(x) = xr(xq−1 + a) to permute Fqe .
Lemma 3.1. Let e ≥ 2, a ∈ F∗qe, and ℓ = q
e−1 + · · · + q + 1. Then (−a)ℓ 6= 1 if and only if
−a 6= bq
i−1 for any b 6= 0 and integer i.
Proof. Let ξ be a primitive element of Fqe . Suppose that −a 6= b
qi−1 for any b 6= 0. Write b = ξk.
Since qi − 1 = m(q − 1) for some integer m, it follows that
(−a)ℓ 6= ξkm(q−1)ℓ = (ξq
e−1)km = 1.
The converse follows by noticing that −a = bq
i−1 = bm(q−1) implies that (−a)ℓ = 1. 
Lemma 3.2. Let e ≥ 2, a ∈ F∗qe and ℓ = q
e−1 + · · ·+ q + 1, and let i be an integer. The following
statements are equivalent.
(i) (−a)ℓ 6= 1.
(ii) L1(x) = x
qi + ax permutes Fqe.
(iii) L2(x) = ax
qi + x permutes Fqe.
Proof. Both L1(x) and L2(x) are linearized binomials. By Lemma 3.1, the condition (i) holds if
and only if the only root of L1(x) is zero, which is equivalent to (ii). Note that (−a)
ℓ 6= 1 if and
only if (−a−1)ℓ = (−1)ℓ(a−1)ℓ = ((−1)ℓ)−1
(
aℓ
)−1
= ((−a)ℓ)−1 6= 1. Therefore (i) holds if and only
if xq
i
+ a−1x permutes Fqe , which is equivalent to (iii). 
Proposition 3.3. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2, a 6= 0, index ℓ = q
e−1 + · · ·+ q+1
and 1 ≤ r < qe− q. If (−a)ℓ 6= 1, r (mod ℓ) ∈ {1, ℓ− q}, and gcd(r, q− 1) = 1, then f(x) permutes
Fqe.
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Proof. By Proposition 2.1, the polynomial f(x) permutes Fqe if and only if x
r(x+ a)q−1 permutes
µℓ, or equivalently
x(x+ a)q−1 and x−q(x+ a)q−1
permute µℓ. This condition holds if and only if
f1(x) = x(x
q−1 + a) = xq + ax and f2(x) = x
−q(xq−1 + a) = x−1 + ax−q
permute Fqe . Since f2(x) = L(x
−1) where L(x) = axq + x, by Lemma 3.2, both f1(x) and f2(x)
permute Fqe . 
The previous result describes the only permutation binomials of the form xr(xq−1 + a) over Fqe
for 2 ≤ e ≤ 4; see Proposition 5.1. When e is odd ≥ 5, this is no longer the case. As a matter of
fact, we now exhibit other values of r for which xr(xq−1 + a) permutes Fqe .
Proposition 3.4. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with odd e ≥ 3, a 6= 0, index ℓ = q
e−1+· · ·+q+1,
and 1 ≤ r < qe− q. If (−a)ℓ 6= 1, r (mod ℓ) ∈ {q(e+1)/2 +1, ℓ− q(e+1)/2− q}, and gcd(r, q− 1) = 1,
then f(x) permutes Fqe .
Proof. We have f(x) = xr+q−1 + axr. First, suppose r (mod ℓ) = q(e+1)/2 + 1. The identity
1 = (q(e+1)/2 + 1)

(e−1)/2∑
i=0
qi

− ℓq
implies that gcd(q(e+1)/2 + 1, ℓ) = 1, so gcd(r, ℓ) = 1. Since gcd(r, q − 1) = 1, we obtain that
gcd(r, qe−1) = 1. Let L1(x) = x
q(e+1)/2+ax. By Lemma 3.2, L1(x) permutes Fqe . Since gcd(r, q
e−
1) = 1, so does L1(x
r) = xrq
(e+1)/2
+ axr. Write r = nℓ+ q(e+1)/2 + 1 with n ∈ Z. We compute
rq(e+1)/2 − (r + q − 1) = (nℓ+ q(e+1)/2 + 1)q(e+1)/2 − nℓ− q(e+1)/2 − 1− q + 1
= nℓq(e+1)/2 + qe+1 − nℓ− q
= nℓ(q(e+1)/2 − 1) + q(qe − 1)
≡ 0 (mod qe − 1),
since qe − 1 = (q − 1)ℓ and q − 1 | q(e+1)/2 − 1. This implies that f(x) = L1(x
r).
Now consider r (mod ℓ) = ℓ− q(e+1)/2 − q. Given that gcd(r, q − 1) = 1 and
1 = (ℓ− q(e+1)/2 − q)

(e−3)/2∑
i=0
qi

− ℓ

(e−3)/2∑
i=1
qi

 ,
it follows that gcd(r, ℓ) = 1, so gcd(r, qe − 1) = 1. Let L2(x) = x
q(e−1)/2 + ax. By Lemma 3.2,
L2(x) permutes Fqe . Since gcd(r, q
e − 1) = 1, so does L2(x
r) = xrq
(e−1)/2
+ axr. We write r =
nℓ− q(e+1)/2 − q with n ∈ Z and obtain
rq(e−1)/2 − (r + q − 1) = (nℓ− q(e+1)/2 − q)q(e−1)/2 − nℓ+ q(e+1)/2 + q − q + 1
= nℓq(e−1)/2 − qe − nℓ+ 1
= nℓ(q(e−1)/2 − 1)− (qe − 1)
≡ 0 (mod qe − 1).
Therefore f(x) = L2(x
r). 
When e = 3, Proposition 3.4 gives that r (mod ℓ) ∈ {1, ℓ − q}, which is the same set provided
by Proposition 3.3.
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4. Nonexistence results
In this section we use Proposition 2.2 to show the nonexistence of permutation binomials of
index ℓ = qe−1 + · · · + q + 1 over Fqe for e ≥ 2 and q 6= 2. When q = 2, the binomial takes the
form f(x) = xr(x + a), so it does not permute F2e for a 6= 0. To calculate the sum (2.1) with Aj
running over SN (2.2), we apply Lucas’ Theorem using q-adic expansions. Our first nonexistence
result narrows the possibility of polynomials f(x) being permutation binomials to those with r
(mod ℓ) = hq + 1 for some integer h.
Proposition 4.1. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e ≥ 2, a 6= 0, index ℓ = q
e−1+ · · ·+ q+1,
and 1 ≤ r < qe − q. If r (mod ℓ) 6= hq + 1 for some integer h, then f(x) does not permute Fqe.
Proof. First, assume that 1 ≤ r < ℓ and r 6= hq + 1 for 0 ≤ h <
∑e−2
i=0 q
i. Then r 6= 1, q + 1, 2q +
1, . . . ,
(∑e−2
i=0 q
i
)
q + 1. In other words, h0q + 2 ≤ r ≤ (h0 + 1)q for some 0 ≤ h0 ≤
∑e−2
i=1 q
i. We
claim that SN = {Ah0+1} for N = q
e−1− 1. By Lemma 2.3, since N/ℓ = (qe−1− 1)/(
∑e−1
i=0 q
i) < 1,
it follows that |SN | ≤ 1. We have
Ah0+1 = (h0 + 1)
e−1∑
i=0
qi − r
e−2∑
i=0
qi.
Since r ≤ (h0 + 1)q,
Ah0+1 ≥ (h0 + 1)
e−1∑
i=0
qi − (h0 + 1)
e−1∑
i=1
qi = h0 + 1 > 0.
Also, the conditions r ≥ h0q + 2 and h0 ≤
∑e−2
i=1 q
i imply that
Ah0+1 ≤ (h0 + 1)
e−1∑
i=0
qi − (h0q + 2)
e−2∑
i=0
qi = h0 + q
e−1 −
e−2∑
i=0
qi ≤ qe−1 − 1 = N.
Hence SN = {Ah0+1}. Write N = (q − 1)q
e−2 + · · · + (q − 1)q + q − 1. By Lucas’ Theorem and
Lemma 2.6 (i), we obtain that
∑
A∈SN
(
N
A
)
aN−A =
(
N
Ah0+1
)
aN−Ah0+1 6= 0.
Therefore f(x) does not permute Fqe for 1 ≤ r < ℓ.
For r = ℓ, consider j = N/(q − 1). Then Aj = 0, SN = {0},
∑
A∈SN
(N
A
)
aN−A =
(N
0
)
aN 6= 0,
and f(x) does not permute Fqe . Since q − 1 | N , by Lemma 2.4 f(x) does not permute Fqe when
r > ℓ. This completes the proof. 
The next two propositions give more precise descriptions of r (mod ℓ) = hq + 1 for which
f(x) = xr(xq−1 + a) is a permutation binomial by giving conditions on the divisibility of h. We
begin by showing that for even e we must have q + 1 | h.
Proposition 4.2. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with even e, a 6= 0, index ℓ = q
e−1+ · · ·+q+1,
and 1 ≤ r < qe − q. If r (mod ℓ) = hq + 1 with q + 1 ∤ h, then f(x) does not permute Fqe.
Proof. We assume that 1 ≤ r < ℓ and r = hq + 1, where h = k(q + 1) + h0 with positive integers
k and h0, and 1 ≤ h0 ≤ q. Let N = (q − 1)
∑(e−2)/2
i=0 q
2i. Since N < ℓ, Lemma 2.3 implies that SN
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has at most one element. We compute
Akq+h0 =(kq + h0)
e−1∑
i=0
qi − [(k(q + 1) + h0) q + 1]
(e−2)/2∑
i=0
q2i
=kq
e−1∑
i=0
qi + h0
e−1∑
i=0
qi − kq2
(e−2)/2∑
i=0
q2i − kq
(e−2)/2∑
i=0
q2i − h0q
(e−2)/2∑
i=0
q2i −
(e−2)/2∑
i=0
q2i
=k

 e∑
i=1
qi −
e/2∑
i=1
q2i −
(e−2)/2∑
i=0
q2i+1

+ h0

e−1∑
i=0
qi −
(e−2)/2∑
i=0
q2i+1

− (e−2)/2∑
i=0
q2i
=(h0 − 1)
(e−2)/2∑
i=0
q2i,
so 0 ≤ Ahq+h0 ≤ N , and thus SN = {Akq+h0}. By Lucas’ Theorem and Lemma 2.6 (i), we conclude
that ∑
A∈SN
(
N
A
)
aN−A =
(
N
Akq+h0
)
aN−Akq+h0 6= 0.
Therefore f(x) does not permute Fqe . Since q − 1 | N , we use Lemma 2.4 to obtain the desired
result when r ≥ ℓ. 
We now show that if q is a power of an odd prime p and f(x) permutes Fqe , then p | h.
Proposition 4.3. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e ≥ 2, q a power of an odd prime p,
a 6= 0, index ℓ = qe−1 + · · ·+ q+ 1, and 1 ≤ r < qe − q. If r (mod ℓ) = hq +1 and p ∤ h, then f(x)
does not permute Fqe.
Proof. We start by assuming that r < ℓ and r = hq + 1, where 0 ≤ h <
∑e−2
i=0 q
i and p ∤ h. Let
N = 2qe−1 − 2. By Lemma 2.3, since N/ℓ = 2(qe−1 − 1)/(
∑e−1
i=0 q
i) < 2, we have |SN | ≤ 2. We
claim that A2h+1 is the only element in SN . To show this, we compute
A2h+1 = (2h+ 1)
e−1∑
i=0
qi − 2(hq + 1)
e−2∑
i=0
qi = qe−1 −
e−2∑
i=0
qi + 2h.
Since h ≥ 0, we obtain that
A2h+1 ≥ q
e−1 −
e−2∑
i=0
qi = qe−1 −
qe−1 − 1
q − 1
> 0.
On the other hand, the condition h ≤
∑e−2
i=0 q
i − 1 implies that
A2h+1 ≤ q
e−1 −
e−2∑
i=0
qi + 2
(
e−2∑
i=0
qi − 1
)
= qe−1 +
e−2∑
i=0
qi − 2 < qe−1 + qe−1 − 2 = N.
Hence A2h+1 ∈ SN . We observe that Aj+k = Aj + kℓ for any integers j and k, so it remains to
show that A2h and A2h+2 are not in [0, N ]. In fact,
A2h = A2h+1 − ℓ = q
e−1 −
e−2∑
i=0
qi + 2h −
e−1∑
i=0
qi < qe−1 −
e−2∑
i=0
qi + 2
(
e−2∑
i=0
qi − 1
)
−
e−1∑
i=0
qi = −2
and
A2h+2 = A2h+1 + ℓ = q
e−1 −
e−2∑
i=0
qi + 2h+
e−1∑
i=0
qi = 2qe−1 + 2h > N.
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Therefore SN = {A2h+1}.
Write N = qe−1+ (q− 1)qe−2 + · · ·+ (q− 1)q+ (q− 2) and A2h+1 = ae−1q
e−1 + · · ·+ a1q+ a0 in
base q. Since p is an odd prime and p ∤ h, it follows that A2h+1 ≡ 2h− 1 6≡ p− 1 (mod p) so that(q−2
a0
)
6≡ 0 (mod p). By Lucas’ Theorem and Lemma 2.6, we get
∑
A∈SN
(
N
A
)
aN−A =
(
N
A2h+1
)
aN−A2h+1 =
(
1
ae−1
)(
q − 1
ae−2
)
· · ·
(
q − 1
a1
)(
q − 2
a0
)
aN−A2h+1 6= 0.
Therefore, if r < ℓ, the polynomial f(x) does not permute Fqe . Since q − 1 | N , we can use
Lemma 2.4 in the case r ≥ ℓ and conclude the proof. 
We now consider r =
[
h
(∑e−3
i=0 q
i
)]
q + 1 = h
(∑e−2
i=1 q
i
)
+ 1 for 1 ≤ h ≤ q − 1. In this case,
we obtain a nonexistence result by considering N = 2qe−1− qe−2− 1. The next result provides the
exact elements that belong to SN depending on h.
Lemma 4.4. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e, q ≥ 3, a 6= 0, index ℓ = q
e−1 + · · · + q + 1,
and 1 ≤ r ≤ ℓ−1. Suppose r = h(ℓ−qe−1−1)+1 for some 1 ≤ h ≤ q−1. Let N = 2qe−1−qe−2−1
and j = 2hqe−3 + h
∑e−4
i=0 q
i. Then
(i) Aj = (h− 2)q
e−2 + (2h − 1)qe−3 + (h− 1)
∑e−4
i=0 q
i,
(ii) Aj+1 = q
e−1 + (h− 1)qe−2 + 2hqe−3 + h
∑e−4
i=0 q
i,
(iii) SN =


{Aj+1} if h = 1
{Aj , Aj+1} if 2 ≤ h ≤ q − 2
{Aj} if h = q − 1.
Proof. We start by showing (i) and (ii). By using that N/(q − 1) = 2qe−2 +
∑e−3
i=0 q
i, we compute
Aj =
(
2hqe−3 + h
e−4∑
i=0
qi
)(
e−1∑
i=0
qi
)
−
(
h
(
e−2∑
i=1
qi
)
+ 1
)(
2qe−2 +
e−3∑
i=0
qi
)
=2h
2e−4∑
i=e−3
qi + h
e−4∑
i=0
e−1∑
j=0
qi+j − 2h
2e−4∑
i=e−1
qi − h
e−2∑
i=1
e−3∑
j=0
qi+j − 2qe−2 −
e−3∑
i=0
qi
=2hqe−3 + 2(h − 1)qe−2 −
e−3∑
i=0
qi + h
e−1∑
i=0
qi + h
2e−5∑
i=e
qi + h
2e−6∑
i=e−1
qi − h
2e−5∑
i=e−2
qi − h
2e−6∑
i=e−3
qi
=2hqe−3 + 2(h − 1)qe−2 −
e−3∑
i=0
qi + h
e−1∑
i=0
qi − hqe−1 − 2hqe−2 − hqe−3
=(h− 2)qe−2 + hqe−3 + (h− 1)
e−3∑
i=0
qi
=(h− 2)qe−2 + (2h − 1)qe−3 + (h− 1)
e−4∑
i=0
qi.
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We also compute
Aj+1 =Aj + ℓ = Aj +
e−1∑
i=0
qi
=(h− 2)qe−2 + (2h − 1)qe−3 + (h− 1)
e−4∑
i=0
qi +
e−1∑
i=0
qi
=qe−1 + (h− 1)qe−2 + 2hqe−3 + h
e−4∑
i=0
qi.
We now show (iii). By Lemma 2.3, since ℓ =
∑e−1
i=0 q
i and N/ℓ = (2qe−1 − qe−2 − 1)/ℓ < 2, we
have |SN | ≤ 2. The elements in SN satisfy Ai±1 = Ai ± ℓ; in particular, Ai < Ak whenever i < k.
Next we describe the elements in SN depending on h.
Case 1: h = 1
Since Aj = −q
e−2 + qe−3 is negative, it does not belong to SN . Let us consider Aj+1. We have
Aj+1 = q
e−1 + 2qe−3 +
∑e−4
i=0 q
i ≥ 0 and
Aj+1 ≤ 2q
e−1 − qe−2 − 1 = N
⇐⇒ 2qe−3 +
e−4∑
i=0
qi ≤ qe−1 − qe−2 − 1
⇐⇒ 2qe−3 +
e−4∑
i=0
qi ≤ (q − 1)
e−2∑
i=0
qi − qe−2
⇐⇒ 2qe−3 +
e−4∑
i=0
qi ≤ (q − 2)qe−2 + (q − 1)
e−3∑
i=0
qi,
which is true, since 2qe−3 ≤ (q−2)qe−2 and
∑e−4
i=0 q
i ≤ (q−1)
∑e−3
i=0 q
i, for q ≥ 3. Hence Aj+1 ∈ SN .
Since
Aj+2 = Aj+1 + ℓ = 2q
e−1 + qe−2 + 3qe−3 + 2
e−4∑
i=0
qi > N,
we conclude that SN = {Aj+1}.
Case 2: 2 ≤ h ≤ q − 2
We have
0 ≤ 3qe−3 +
e−4∑
i=0
qi
≤ Aj < Aj+1
≤ 2qe−1 − qe−2 − 3qe−3 −
e−4∑
i=1
qi − 2
≤ 2qe−1 − qe−2 − 1 = N,
which shows that SN = {Aj , Aj+1}.
Case 3: h = q − 1
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In this case, we have Aj = q
e−1 − qe−2 − 2qe−3 −
∑e−4
i=0 q
i − 1. So
Aj−1 = Aj −
e−1∑
i=0
qi = −2qe−2 − 3qe−3 − 2
e−4∑
i=0
qi − 1 < 0,
0 ≤ Aj ≤ 2q
e−1 − qe−2 − 1 = N, and
Aj+1 = 2q
e−1 − qe−3 − 1 > 2qe−1 − qe−2 − 1 = N.
Hence SN = {Aj}. 
Proposition 4.5. Let f(x) = xr(xq−1 + a) ∈ Fqe [x] with e, q ≥ 3, q a power of a prime p,
a 6= 0, index ℓ = qe−1 + · · · + q + 1, (−a)ℓ 6= 1, and 1 ≤ r < qe − q. Suppose that r (mod ℓ) =
h
(
ℓ− qe−1 − 1
)
+ 1 for some 1 ≤ h ≤ q − 1. Then f(x) does not permute Fqe .
Proof. By Proposition 4.3, if q is odd and p ∤ h
(∑e−3
i=0 q
i
)
, then f(x) does not permute Fqe . Hence
p | h, if q is odd. Assume r < ℓ. We consider the following three cases: h = 1, 2 ≤ h ≤ q − 2, and
h = q−1. Let N = 2qe−1−qe−2−1 whose q-expansion is given by qe−1+(q−2)qe−2+(q−1)
∑e−3
i=0 q
i.
Lemma 4.4 provides the exact elements in SN in each case.
Case 1: h = 1
In this case, SN = {Aj+1} and Aj+1 = q
e−1 + 2qe−3 +
∑e−4
i=0 q
i is the q-adic expansion of Aj+1.
We compute
∑
A∈SN
(
N
A
)
aN−A =
(
N
Aj+1
)
aN−Aj+1 =
(
1
1
)(
q − 2
0
)(
q − 1
2
)(
q − 1
1
)e−3
aN−Aj+1 ,
which is not zero by Lemma 2.6 (i).
Case 2: 2 ≤ h ≤ q − 2
We have SN = {Aj , Aj+1}.
Subcase 2.1: 2 ≤ h < ⌊q/2⌋
In this case,
Aj = (h− 2)q
e−2 + (2h− 1)qe−3 + (h− 1)
e−4∑
i=0
qi and
Aj+1 = q
e−1 + (h− 1)qe−2 + 2hqe−3 + h
e−4∑
i=0
qi,
so ∑
A∈SN
(
N
A
)
aN−A =
(
N
Aj
)
aN−Aj +
(
N
Aj+1
)
aN−Aj+1
=
(
1
0
)(
q − 2
h− 2
)(
q − 1
2h− 1
)(
q − 1
h− 1
)e−3
aN−Aj +
(
1
1
)(
q − 2
h− 1
)(
q − 1
2h
)(
q − 1
h
)e−3
aN−Aj+1 .
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By Lemma 2.6 (ii), when q is even,
(q−2
k
)
= 0 if and only if k is odd. Also, if q is odd, p | h and we
get
(q−2
h−1
)
≡ 0 (mod p). Therefore
∑
A∈SN
(
N
A
)
aN−A =


(
q − 2
h− 1
)(
q − 1
2h
)(
q − 1
h
)e−3
aN−Aj+1 6= 0, if h is odd and q is even(
q − 2
h− 2
)(
q − 1
2h− 1
)(
q − 1
h− 1
)e−3
aN−Aj 6= 0, otherwise.
Subcase 2.2: q is even and h = q/2
In this case, the q-adic expansions of the two elements in SN are
Aj =
(q
2
− 2
)
qe−2 + (q − 1)qe−3 +
(q
2
− 1
) e−4∑
i=0
qi and
Aj+1 = q
e−1 +
(q
2
)
qe−2 +
q
2
e−4∑
i=0
qi.
Consequently,
∑
A∈SN
(
N
A
)
aN−A =
(
N
Aj
)
aN−Aj +
(
N
Aj+1
)
aN−Aj+1
=
(
1
0
)(
q − 2
q/2− 2
)(
q − 1
q − 1
)(
q − 1
q/2− 1
)e−3
aN−Aj+1+ℓ +
(
1
1
)(
q − 2
q/2
)(
q − 1
0
)(
q − 1
q/2
)e−3
aN−Aj+1
=
(
q − 2
q/2
)(
q − 1
q/2
)e−3
aN−Aj+1
(
aℓ + 1
)
.
Since ℓ is odd and (−a)ℓ 6= 1, we have aℓ + 1 6= 0. We conclude that the sum is not zero by
applying Lemma 2.6 (i) and (ii).
Subcase 2.3: ⌊q/2⌋ < h ≤ q − 2
Write h = ⌊q/2⌋ + h0 with h0 > 0.
If q is even, then h = q/2+h0, 0 < h0 ≤ (q− 4)/2 and the q-adic expansions of Aj and Aj+1 are
Aj = (h− 1)q
e−2 + (2h0 − 1)q
e−3 +
e−4∑
k=0
(h− 1)qk and
Aj+1 = q
e−1 + hqe−2 + 2h0q
e−3 + h
e−4∑
k=0
qk.
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Thus∑
A∈SN
(
N
A
)
aN−A =
(
N
Aj
)
aN−Aj +
(
N
Aj+1
)
aN−Aj+1
=
(
1
0
)(
q − 2
h− 1
)(
q − 1
2h0 − 1
)(
q − 1
h− 1
)e−3
aN−Aj +
(
1
1
)(
q − 2
h
)(
q − 1
2h0
)(
q − 1
h
)e−3
aN−Aj+1
=


(
q − 2
h
)(
q − 1
2h0
)(
q − 1
h
)e−3
aN−Aj+1 6= 0, if h even(
q − 2
h− 1
)(
q − 1
2h0 − 1
)(
q − 1
h− 1
)e−3
aN−Aj 6= 0, otherwise.
If q is odd, then h = (q − 1)/2 + h0 with 0 < h0 ≤ (q − 3)/2, and the q-adic expansions of Aj
and Aj+1 are
Aj = (h− 1)q
e−2 + (2h0 − 2)q
e−3 + (h− 1)
e−4∑
i=0
qi and
Aj+1 = q
e−1 + hqe−2 + (2h0 − 1)q
e−3 + h
e−4∑
i=0
qi.
This implies that∑
A∈SN
(
N
A
)
aN−A =
(
N
Aj
)
aN−Aj +
(
N
Aj+1
)
aN−Aj+1
=
(
1
0
)(
q − 2
h− 1
)(
q − 1
2h0 − 2
)(
q − 1
h− 1
)e−3
aN−Aj +
(
1
1
)(
q − 2
h
)(
q − 1
2h0 − 1
)(
q − 1
h
)e−3
aN−Aj+1 .
By using Lemma 2.6 (i) and (ii), since p | h, we obtain that this sum is(
q − 2
h
)(
q − 1
2h0 − 1
)(
q − 1
h
)e−3
aN−Aj+1 6= 0.
Case 3: h = q − 1
In this case, SN = {Aj} and the q-adic expansion of Aj is (q−2)q
e−2+(q−3)qe−3+(q−2)
∑e−4
i=0 q
i.
Then ∑
A∈SN
(
N
A
)
aN−A =
(
N
Aj
)
aN−Aj =
(
1
0
)(
q − 2
q − 2
)(
q − 1
q − 3
)(
q − 1
q − 2
)e−3
aN−Aj ,
which is not zero by Lemma 2.6 (i).
Therefore, if r < ℓ, the polynomial f(x) does not permute Fqe . Since N/(q−1) = 2q
e−2+
∑e−3
i=1 q
i
is an integer, we use Lemma 2.4 for the case r ≥ ℓ and conclude the proof. 
5. Characterizations in special fields
Permutation binomials of the form f(x) = xr(xq−1 + a) over Fqe with a 6= 0, index ℓ = q
e−1 +
· · ·+ q+1 and 1 ≤ r ≤ ℓ were studied by Li et al. [3] and Liu [4] when e = 2, and e = 3 with odd q,
respectively; see Proposition 1.1. In this section we apply our results from Section 3 and Section 4
to present complete characterizations of these permutation binomials for all values of r over Fq2 ,
Fq3 , Fq4 , Fp5 , and Fp6 where p is an odd prime. One necessary condition is that (−a)
ℓ 6= 1,
since otherwise f(x) would have more than one root. Another one is that gcd(r, q − 1) = 1
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by Proposition 2.1. We make use of these two facts without any further reference. In addition,
as in Section 4, we show our results for e ∈ {5, 6} by using Proposition 2.2 and Lucas’ Theorem
without referring to them.
5.1. Fq2 ,Fq3 and Fq4. In this section we extend Proposition 1.1 in the following directions: from
r ∈ {1, . . . , ℓ} to r ∈ {1, . . . , qe − q − 1}, from odd q and e = 3 to any q and e = 3, and from
e ∈ {2, 3} to e ∈ {2, 3, 4}. Therefore our characterization provides a full description of permutation
binomials over Fqe with index ℓ = q
e−1 + · · · + q + 1 for e ∈ {2, 3, 4}. For these values of e, the
description of r written in terms of ℓ turns out to be the same. The result below is also stated
as Theorem 1.3 (i).
Proposition 5.1. Let f(x) = xr(xq−1+a) ∈ Fqe [x] with e ∈ {2, 3, 4}, a 6= 0, index ℓ = q
e−1+ · · ·+
q+1, and 1 ≤ r < qe− q. Then f(x) permutes Fqe if and only if (−a)
ℓ 6= 1, r (mod ℓ) ∈ {1, ℓ− q},
and gcd(r, q − 1) = 1.
Proof. By Proposition 3.3, if (−a)ℓ 6= 1, r (mod ℓ) ∈ {1, ℓ − q}, and gcd(r, q − 1) = 1, then f(x)
permutes Fqe . Conversely, suppose that f(x) permutes Fqe for e ∈ {2, 3, 4}. By Proposition 4.1, r
(mod ℓ) = hq + 1 for some integer h.
When e = 2, since ℓ = q + 1, we must have r (mod ℓ) = 1.
When e = 3, we have ℓ = (q + 1)q + 1, so 0 ≤ h ≤ q. Proposition 4.5 implies that h ∈ {0, q}, so
r (mod ℓ) ∈ {1, ℓ − q}.
When e = 4, we have ℓ = (q2 + q + 1)q + 1. Combining Proposition 4.1 and Proposition 4.2
gives that r (mod ℓ) = k(q + 1)q + 1 with 0 ≤ k ≤ q. Proposition 4.5 implies that k ∈ {0, q}, so r
(mod ℓ) ∈ {1, ℓ − q}. 
For fields Fq2 , we note that r (mod ℓ) = ℓ− q = 1.
5.2. Fp5 for an odd prime p. In Proposition 5.1 we show that the only values of r for which
xr(xq−1 + a) permutes Fqe with a 6= 0 and index ℓ = q
e−1 + · · · + q + 1 for e ∈ {2, 3, 4} are r
(mod ℓ) ∈ {1, ℓ − q} with gcd(r, q − 1) = 1. However, this is not true over Fp5 as r can take other
values. The result below is also stated as Theorem 1.3 (ii).
Proposition 5.2. Let f(x) = xr(xp−1 + a) ∈ Fp5 [x] with an odd prime p, a 6= 0, index ℓ =
p4 + p3 + p2 + p + 1, and 1 ≤ r < p5 − p. Then f(x) permutes Fp5 if and only if (−a)
ℓ 6= 1, r
(mod ℓ) ∈ {1, p3 + 1, p4 + p2 + 1, ℓ− p}, and gcd(r, p − 1) = 1.
Proof. If r (mod ℓ) ∈ {1, p3 + 1, p4 + p2 + 1, ℓ − p}, then f(x) permutes Fp5 by Proposition 3.3
and Proposition 3.4. Conversely, let f(x) be a permutation binomial over Fp5 . Proposition 4.1
and Proposition 4.3 imply that r (mod ℓ) has the form hp2 + 1 for some 0 ≤ h ≤ p2 + p + 1. We
consider the following three cases for h: 1 ≤ h ≤ p− 1, p+ 1 ≤ h ≤ p2, and p2 + 2 ≤ h ≤ p2 + p.
Case 1: 1 ≤ h ≤ p− 1
Consider N = p4 − p2 − p+1 whose p-adic expansion is (p− 1)p3 + (p− 2)p2 + (p− 1)p+ 1. By
Lemma 2.3, since N < ℓ, the set SN has at most one element. We compute
Ahp = hp(p
4 + p3 + p2 + p+ 1)−
(hp2 + 1)(p4 − p2 − p+ 1)
p− 1
= hp(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p3 + p2 − 1)
= (h− 1)p3 + (2h− 1)p2 + hp + 1.
Since 1 ≤ h ≤ p−1, we have 0 < Ahp ≤ p
4−2p2−p+1 < N . Hence Ahp is the unique element in SN .
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Subcase 1.1: 1 ≤ h ≤ (p− 1)/2
By using Lucas’ Theorem and Lemma 2.6 (i) and (ii), we have∑
A∈SN
(
N
A
)
aN−A =
(
N
Ahp
)
aN−Ahp =
(
p− 1
h− 1
)(
p− 2
2h− 1
)(
p− 1
h
)(
1
1
)
aN−Ahp 6= 0.
Subcase 1.2: (p− 1)/2 < h ≤ p− 1
Write h = (p− 1)/2 + h0 with 1 ≤ h0 ≤ (p− 1)/2. Then
Ahp = (h− 1)p
3 +
(
2
(
p− 1
2
+ h0
)
− 1
)
p2 + hp + 1
= hp3 + (2h0 − 2)p
2 + hp + 1.
Since 0 ≤ 2h0 − 2 ≤ p− 3, we have
∑
A∈SN
(
N
A
)
aN−A =
(
N
Ahp
)
aN−Ahp =
(
p− 1
h
)(
p− 2
2h0 − 2
)(
p− 1
h
)(
1
1
)
aN−Ahp 6= 0.
Case 2: p+ 1 ≤ h ≤ p2
Consider N = p3− 1 whose p-adic expansion is (p− 1)p2+(p− 1)p+ p− 1. By Lemma 2.3, since
N < ℓ, the set SN has at most one element. We compute
Ah = h(p
4 + p3 + p2 + p+ 1)−
(hp2 + 1)(p3 − 1)
p− 1
= h(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p2 + p+ 1)
= hp + h− p2 − p− 1.
Since p + 1 ≤ h ≤ p2, we have 0 < Ah ≤ p
3 − p − 1 < N , so Ah is the unique element in SN . Let
Ah = a2p
2 + a1p + a0 be the p-adic expansion of Ah. Then Lucas’ Theorem and Lemma 2.6 (i)
imply that
∑
A∈SN
(
N
A
)
aN−A =
(
N
Ah
)
aN−Ah =
(
p− 1
a2
)(
p− 1
a1
)(
p− 1
a0
)
aN−Ah 6= 0.
Case 3: p2 + 2 ≤ h ≤ p2 + p
As in Case 1, consider N = p4 − p2 − p+ 1 = (p− 1)p3 + (p− 2)p2 + (p− 1)p+ 1. Then SN has
at most one element. We compute
Ahp−p−1 = (hp − p− 1)(p
4 + p3 + p2 + p+ 1)−
(hp2 + 1)(p4 − p2 − p+ 1)
p− 1
= (hp − p− 1)(p4 + p3 + p2 + p+ 1)− (hp2 + 1)(p3 + p2 − 1)
= −p5 − 2p4 + (h− 3)p3 + (2h− 3)p2 + (h− 2)p.
For p2 +2 ≤ h ≤ p2 + p, we have 0 < p2 ≤ Ahp−p−1 ≤ p
4− 2p2 − 2p < N, so Ahp−p−1 is the unique
element in SN . Write h = p
2 + 2 + h0 with 0 ≤ h0 ≤ p− 2. Then
Ahp−p−1 = h0p
3 + (2h0 + 1)p
2 + h0p.
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Subcase 3.1: 0 ≤ h0 ≤ (p− 3)/2
Since 2h0 + 1 ≤ p− 2, if follows that∑
A∈SN
(
N
A
)
aN−A =
(
N
Ahp−p−1
)
aN−Ahp−p−1 =
(
p− 1
h0
)(
p− 2
2h0 + 1
)(
p− 1
h0
)(
1
0
)
aN−Ahp 6= 0.
Subcase 3.2: (p− 3)/2 < h0 ≤ p− 2
Write h0 = (p − 3)/2 + h1 with 1 ≤ h1 ≤ (p − 1)/2. Then
Ahp−p−1 = (h0 + 1)p
3 + (2h1 − 2)p
2 + h0p.
and, since 2h1 − 2 ≤ p− 3, we have
∑
A∈SN
(
N
A
)
aN−A =
(
N
Ahp−p−1
)
aN−Ahp−p−1 =
(
p− 1
h0 + 1
)(
p− 2
2h1 − 2
)(
p− 1
h0
)(
1
0
)
aN−Ahp−p−1 6= 0.
The remaining values of h are 0, p, p2 +1, p2 + p+ 1, hence necessarily r (mod ℓ) ∈ {1, p3 +1, p4 +
p2 + 1, ℓ− p}. This completes the proof. 
5.3. Fp6 for an odd prime p. The characterization of permutation binomials of index ℓ = p
5 +
p4+ p3+ p2+ p+1 over Fp6 is similar to the one we present for Fq2 , Fq3 and Fq4 in Proposition 5.1.
The following result also appears as Theorem 1.3 (iii).
Proposition 5.3. Let f(x) = xr(xp−1 + a) ∈ Fp6 [x] with an odd prime p, a 6= 0, index ℓ =
p5 + p4 + p3 + p2 + p+ 1, and 1 ≤ r < p6 − p. Then f(x) permutes Fp6 if and only if (−a)
ℓ 6= 1, r
(mod ℓ) ∈ {1, ℓ − p}, and gcd(r, p − 1) = 1.
Proof. If r (mod ℓ) ∈ {1, ℓ − p}, then f(x) permutes Fp6 by Proposition 3.3. Conversely, suppose
that f(x) permutes Fp6 . By combining Proposition 4.1, Proposition 4.2 and Proposition 4.3, we
may assume r (mod ℓ) = n(p3 + p2) + 1 with 0 ≤ n ≤ p2 + 1.
We will show that we cannot have 1 ≤ n ≤ p2. Let N = p5 − p3 + p2 − 1 with p-expansion
given by (p− 1)p4 + (p − 1)p3 + (p − 1)p + p− 1. Then ⌊N/ℓ⌋ = 0. By Lemma 2.3, |SN | ≤ 1. Let
j = n(p2 + p− 1) + 1. We compute
Aj = (n(p
2 + p− 1) + 1)ℓ−
(n(p3 + p2) + 1)(p5 − p3 + p2 − 1)
p− 1
= (n(p2 + p− 1) + 1)ℓ− (n(p3 + p2) + 1)(ℓ − p5 − p2)
= np2ℓ+ npℓ− nℓ+ ℓ− np3ℓ+ np8 + np5 − np2ℓ+ np7 + np4 − ℓ+ p5 + p2
= n(pℓ− ℓ+ p3(−ℓ+ p5 + p2 + p4 + p)) + p5 + p2
= n(−p3 − 1) + p5 + p2
= p5 − np3 + p2 − n.
Since 1 ≤ n ≤ p2, we have 0 ≤ Aj ≤ N, so SN = {Aj}.
Case 1: n 6= p2
Write n = n1p+ n0, where 0 ≤ n0, n1 ≤ p− 1. If n0 6= 0, the p-expansion of Aj is
Aj = (p − 1− n1)p
4 + (p− n0)p
3 + (p− 1− n1)p + p− n0.
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By Lemma 2.6(i), it turns out that∑
A∈SN
(
N
A
)
aN−A =
(
p− 1
p− 1− n1
)(
p− 1
p− n0
)(
p− 1
p− 1− n1
)(
p− 1
p− n0
)
aN−Aj 6= 0.
If n0 = 0, then Aj = (p− n1)p
4 + (p− n1)p, where 1 ≤ p− n1 ≤ p− 1 since n1 6= 0. Thus,
∑
A∈SN
(
N
A
)
aN−A =
(
p− 1
p− n1
)(
p− 1
p− n1
)
aN−Aj 6= 0.
Case 2: n = p2
Then Aj = 0 and
∑
A∈SN
(N
A
)
aN−A =
(N
0
)
aN 6= 0.
Both Cases 1 and 2 lead to a contradiction with the fact that f(x) permutes Fp6 , so n ∈ {0, p
2+1}
and r (mod ℓ) ∈ {1, ℓ− p}. 
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